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Abstract 



We consider the wave equation in a smooth domain subject to Dirichlet boundary conditions on 
one part of the boundary and dissipative boundary conditions of memory-delay type on the remainder 
^ I part of the boundary, where a general borelian measure is involved. Under quite weak assumptions on 

. this measure, using the multiplier method and a standard integral inequality we show the exponential 

stability of the system. Some examples of measures satisfying our hypotheses are given, recovering 
and extending some of the results from the literature. 



O ; Introduction 
O 



We consider the wave equation subject to Dirichlet boundary conditions on one part of the boundary 
and dissipative boundary conditions of memory-delay type on the remainder part of the boundary. More 
precisely, let $7 be a bounded open connected set of R"(n > 2) such that, in the sense of Necas ([8]), its 
boundary dft is of class C^. Throughout the paper, / denotes the nxn identity matrix, while A'^ denotes 



' the symmetric part of a matrix A. Let m be a vector field on ft such that 

inf div(m) > sup(div(m) — 2A,„) (1) 
^ n 

where A„i(x) is the smallest eigenvalue function of the real symmetric matrix \7m{xY . 

Remark 1 The set of all vector fields on Ct such that ^ holds is an open cone. If m is in this set, 
we denote 

c(m) = - I inf div(m) — sup(div(m) — 2A„ 
2 V f2 a 

Example 1 • An affinc example is given by 

m{x) = {Ai + A2)ix - xo), 

where Ai is a definite positive matrix, A2 a skew-symmetric matrix and xq any point in K". 
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• A non linear example is 

m{x) = {dl + A){x - xo) + F{x) 

where d > 0, ^ is a skew-symmetric matrix, xq any point in R" and is a vector field on 
such that 

sup||(VF(x)r|| <- 

xen 

( II • II stands for the usual 2-norm of matrices). 

We define a partition of dil in the following way. Denoting by i^{x) the normal unit vector pointing 
outward of at a point x £ dQ , we consider a partition (dQN , dflo) of the boundary such that the 
measure of dflD is positive and that 

d^N C{xe dn, m{x) ■ iy{x) > 0}, dilo C {x e dQ, m{x) ■ i^{x) < 0}. (2) 

Furthermore, we assume 



drio n di^N = or m ■ n < on diln H dflN (3) 

where n stands for the normal unit vector pointing outward of dflN when considering OCIn as a sub- 
manifold of dfl. 

On this domain, we consider the following delayed wave problem: 



m 



X n 

on Ml X on 



u" - Au = 

~ ^ on it^_|_ >^ uiin , 

{t) + J^u'it- s)d^i{s)'^ =0 on M^j. X dflN , 

u{0) = uo in , 



in Q 



where u' (resp. u ) is the first (resp. second) time-derivative of u, d^u = Vit • v is the normal outward 
derivative of u on Moreover /xq is some positive constant and /it is a borelian measure on R"*". 

The above problem covers the case of a problem with memory type as studied for instance in [Tl[31[Sl[n] , 
when the measure ^ is given by 

d^{s) = k{s)ds, (4) 

where ds stands for the Lebesgue measure and k is non negative kernel. But it also covers the case of a 
problem with a delay as studied for instance in [TUl EJ [T^] , when the measure ^ is given by 

^ = /ll(5r, (5) 

where /ii is a non negative constant and t > represents the delay. An intermediate case treated in 
is the case when 

dfi{s) = k{s)x[ri,T2]{s)ds, (6) 

where < ti < T2, X[ti.t2] the characteristic equation of the interval [ti,T2] and A: is a non negative 
function in L°° {[ti , T2]) . 

A closer look at the decay results obtained in these references shows that there arc different ways to 
quantify the energy of (S). More precisely for the measure of the form ([4]), the exponential or polynomial 
decay of an appropriated energy is proved in [BIHEllQj, by combining the multiplier method (or differential 
geometry arguments) with the use of suitable Lyapounov functionals (or integral inequalities) under the 
assumptions that the kernel k is sufficiently smooth and has a certain decay at infinity. On the other 
hand for a measure of delay type like ([5]) or ([H]), the exponential stability of the system was proved in 
[10l[TTl[T2] by proving an observability estimate obtained by assuming that the term u'{t — s)d^{s) is 
sufRciently small with respect to ^ou'{t). Consequently, our goal is here to obtain some uniform decay 
results in the general context described above with a similar assumptions than in [TOl EH [Hj. More 
precisely, we will show in this paper that if there exists a > such that 

p+00 

Mtot := / e"'d\fi\is) < fio (7) 
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where |^| is the absolute value of the measure fi, then the above problem (S) is exponentially stable. 

The paper is organized as follows: in the first two sections, we explain how to define an energy using 
some basic measure theory. Using well-known results, we obtain the existence of energy solutions. In 
this setting we present and prove our stabilization result in the third section. Examples of measures fi 
satisfying our hypotheses are given in the end of the paper, where we show that we recover and extend 
some of the results from the references cited above. 

Finally in the whole paper we use the notation A < B ioi the estimate A < CB with some constant 
C that only depends on Q, m or ji. 



1 First results 

In this section we show that the assumption ([7]) implies the existence of some borelian finite measure A 
such that 

A(K+) < Mo, ImI < A (8) 
(in the sense that, for every measurable set B, \^J^\{B) < X{B)) and 

for all measurable set ;B, / X{[s, +oo))ds < X(B) (9) 

Jb 

Indeed we show the following equivalence: 

Proposition 1 Let jj. be a borelian positive measure on and fio some positive constant. The following 
properties are equivalent: 

• 3a > such that 

f +00 

e'^''dfi{s) < Mo- 





• There exists a borelian measure A on such that 

A(IR+) < Mo, A* < 

and, for some constant f3 > 0, 

for all measurable set B, / A([s, +oo))ds < (3~^X{B). 

Proof We introduce the application T from the set of positive borelian measures into itself as follows: 
if M is some positive borelian measure, we define a positive borelian measure T(fi) by 

T(M)(f?)= / M([-s,+oo))ds, 

JB 

if B is any measurable set. 

(<^) If A fulfills the second property, then it immediately follows that 

Vn e N,/3"T"(m) < A, 

where as usual T" is the composition T o T ■ ■ ■ o T n-times. A summation consequently gives, for any 

re (0,1), 

00 00 

5](r/3)"T"(M) < ^ r"A = (1 - ry'X. 

n=0 n=0 

Using Fubini theorem, we can now compute 
T"(m)(M+) = 



-00 / r+oc 



\Js„+i 
00 / />si 



/ + 00 / p+00 \ \ 

yj dn{si)jds2---dsn\dsn+i 



\J0 \J0 

+ CXD 



dSn+1 • • • rfs2 dfj,{si) 







^dM(si) 
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so that, using monotone convergence theorem, one can obtam 

f + oc 

/ e''^"d/^(s) < (l-r)-iA(]R+) 
Jo 

and om' proof ends using that (1 — r)~^A(R'*") < /io for sufficiently small r. 
(=>) For any measurable set B, we define 

oo 

A(e)-^a"r"(/.)(6). 

ri=0 

It is clear that A is a borelian measure such that /i < A. Moreover, if S is a measurable set, one has, 
thanks to monotone convergence theorem 

T{\){B) = f A([s,+oo))ds 
Jb 

CO „ 

= Va" / r«(/i)([s,+^))ds 

oo 

< a-i^a"+iT"+i(/x)(S), 

Tl=0 

that is, r(A) < a^^X. 

Finally, another use of monotone convergence theorem gives 

A(M+) = / e""d^(s) < ^0- 
Jo 

□ 

Remark 2 • If ^ satisfies our first property, one can choose /3 = a in our second property. 
• If /.J is supported in (0,t], it is straightforward to see that, for some small enough constant c, 

dX{s) = dfi{s) + c X[o,r](s)ds 
fulfills ([7]). This observation allows us to recover the choices of energy in [TOt lllj. 
In the sequel, we can thus consider the measure A obtained by the application of Proposition [T] to \^\. 

2 Well-posedness 
2.1 General results 

Defining 

Hl,{9) ■= {u e H\n);u = on dno} and H^{n) := {u e H^(n)-u = on dft}, 

we here present an application of Theorem 4.4 of Propst and Priiss paper (see |13) 1 in the framework of 
hypothesis 

Theorem 1 Suppose uq G Hly(fl),ui G L'^{n). Then (S) admits a unique solution u G C{W^,H^{VL)) C\ 
(1R+, L^(ri)) in the weak sense of Propst and Priiss. Moreover, if uq G H^{Q) riH}){Q), ui G i?o(fi), 
then u G {R+ , H'^ (Q)) n C'^ {R+ , L'^ (n)) and the additional results hold 

Vt > 0, Au{t) G L^{n) a.u(i)|an„ e H^'^{d^N)- 
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Proof The proof is the one proposed in [13], Theorem 4.4 except that, for smoother data, we can not 
use elhptic resuh in the general context of ([3]) to get more regularity. □ 

Inspired by [TUIIII], we now define the energy of the solution of (S) at any positive time t by the following 
formula: 

E{t) = ]■ I {u'{t,x)f + \Vu{t,x)\^dx + ]- I m-v I ([ {u'{t - r,x)fdr] dX{s)da 

+ \ I m-v I ( I {u'{s - r,x)fdr] dX{s)d(T. 
2 Jaojv Jt \Jq J 

Remark 3 • In the definition of energy, the measure A can be replaced by any positive borelian 
measure ly such that 

V <X 

such as, for instance, \fj,\. In fact, we will see later that conditions ^ and ^ are only here to 
ensure that the corresponding energy E\ is non increasing, but the decay of another energy E^, is 
implied by the decay of Ex. 

• If is compactly supported in [0,r], for times greater than r, one can recover the energies from 
[TUl [TT] by choosing the measure A supported in [0, r] given by Remark [H Indeed, the last term in 
the energy is null for t > t, and the second term is reduced to 



[t - r,x)fdr dX{s)da. 
2 Jaojv Jo \Jo J 



2 

We now identify our energy space. 

Proposition 2 IfuoE H'^{n)nHl,{Q,), m G thenu' G L°°(]R+, Consequently, for such 

initial conditions, the energy E(t) is well defined for any t > and it uniformly depends continuously on 
the initial data. 

Proof Let us first pick some solution of (S) with uq G H^{il) f) Hj~,{n),ui G H}j{il). We define the 
standard energy as 

Eoit) = \ I {u'{t, x)f + \Vu{t, x)\^dx. 

As in [5], it is classical that 

EQ{fd) ~Eo{T)^ - [ [ d^uu'dadt. 

Jo JdilN 

Using the form of our boundary condition and Young inequality, one gets, for any e > 0, 
So(0)-So(T) = 
> 

Using that /i < and Cauchy-Schwarz inequality consequently give us 

it?dt r f\u'{t - s))'d\^^\{s)] da. 







f [ (m. 




JO JdQ.N 










A 


10 JdQ.N 





/ {m-v)[ 








L 







2e 



Jo 
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Using now Fubini theorem two times, one can obtain the following identities 



[ {u'{t-s)fd\n\{s)dt ^ [ If u'{t^ s)^dt] d\fi\{s) 

Jo Jo \Js J 

T / nT-s \ 



\J0 
T / t-T-t 



\J0 



u'itydtj d\fl\{s) 
d\^i\{s)] u{tfdt 



so that, using |/x|([0,T — t]) < iiq, 



dill. 



2 \ pT 
^ Mtot \ / „,//-f\2. 



EoiO)~EoiT)> (m-z.) Uo---^ / u'{tydt\da. 



2 2e 



The choice of e = /itot finally gives us that Eo{T) is bounded. Using the density of {fl)r\H]^{n) x H]~,{n) 
in H]~,{n) X L'^{n), we get the boundedness of Eq for solutions with initial data uo 6 H]j{n),ui G L'^{il). 
In particular, if uq £ i?i)(f7), ui S L'^{^), we obtain that u £ H^i^)). 

Let now m be a solution of (5) with mq G H'^{^1) D Hjy{il), ui £ HQ{n). Using Theorem [1] one can 
define the limit in L^(il) U2 of u"{t) as t ^ and in this situation, as in (TJ], it is easy to see that u' is 
solution of (S) with initial data ui G H]-){il) and U2 G i^(ri). 
Indeed, one can see that Fubini's theorem gives 



f u {t — s)d^{s) = J u" {s — r)dfi{r)^ ds, 



provided ui = on 3f2jv, so that 



d_ 
dt 



(^j u {t — s)dij{s)^ = J u" {t ^ s)dii{s). 



Using the proof above, one concludes that u' G L°°(M+, H^(n)) which, thanks to a classical trace result, 
give that u' G L°° (R+ , L'^ (dQ)) . 

The first three terms of the energy E{t) are consequently defined for any time t > 0. We only need 
to take a look at the last one to achieve our result. Using Fubini theorem again, one has 



+ 00 / rs \ p + oo / /• + 00 \ 

/ {u'{t~r)fdr)dX{s)= / u'irfi / dX{s) ] dr 

\Jo J Jo \7max(r,t) / 



SO that, using 



p poo / PS \ p+oo 

/ m-v j i {u'{s ~ r,x))'^dr] d\{s)da < |lm||oo||M'||L~(L2(an)) / X{[r,+oo))dr 
Jafijv Jt \Jo J Jo 

< a""^||"^||ooA(M+)||^^'||i^.(i2(gf2))• 

□ 



2.2 Compactly supported measure and semigroup approach 



In this second approach, we assume that /i is supported in [0,r] and that dClu H OCIn 
simply follow the result obtained by Nicaisc-Pignotti (fill). 
First, observe that, for t > t, {S) is reduced to 



We here 



u" - Au = 
u = 

dyU + m- V (fiou'{t) + JJ" u'{t 
u(0) = Uo 

U'(0) = Ml 



s)dn{s)) ^ 



in (t, +oo) X f2 , 
on (r, +oo) X d^ln 
on (t, +oo) X OUn 
in Q , 
in Q . 
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Wc define Xr = L^idVLN x (0,1) x (0, r), ficrdpsd/i(s))) and Yr = L^idVlN x {Q,t)- H'^{Q,l),dasdii{s)). 
One can use the same strategy as in tlie proof of Theorem 2.1 in [11] to get 

Theorem 2 • If u{t) e ff^(f^), u'{t) e L'^{n) and u'{t - ps, x) G Xr, (S) has a unique solution 
u e C[[T,+oo),Hl,{n))r\C^{[T,+oo),L'^[n)). Moreover, if u{t) e H\n) r\ Hl,{n) , u'{t) e H^[n) 
and u'{t ~ ps,x) (zY-r, then 

u e C\[t, +oo), Hj^ifl)) n C([r, +oo), //^(j])); 
t ^ su"{t - ps, x) e C([t, +oo), X^). 

• If {u"{x),v"{x),g"{s,p,x)) {u{t,x),u'{t,x),u'{t ~ ps,x)) in Hj^^Cl) x L^(ri) x X^, t/ieTi the 
solution u" o/ 



- Au = 



in (t, +oo) X , 

u = on (r, +oo) x dfln , 

+ m ■ ly (^pou'{t) + u'{t — s)dp,{s)) — on (r, +oo) x OQn , 
u{t) = u" m , 

u'(r) = u" m , 

u'{x,T - ps) = g''\x,s,p) m r^TV X (0,t) X (0, 1) 

is suc/i t/iat E{u^^) converges uniformly with respect to time towards E{u). 

Proof We define z{x, p, s, t) = u'{t — ps, x) for x G d^N, ^ > t, s e (0, t), p G (0, 1). 
Problem (5*) is then equivalent to 



u" - Au = 

szt{x, p, s, t) + Zp{x, p, s,t) = 
u = Q 



in (r, +oo) x , 

inai^jv X (0,1) X (0,r) x (t,+oo), 
on (r, +oo) X dfto , 



9,yU + m • ^{pQU^t) + /J" 7i'(t — s)dp{s)) = on (r, +oo) x dVtN , 

u(t) = u{t) in f2 , 

u'{t) ~ u{t) in , 

z{x, 0, i, s) = u'{t, x) ondilN x (r, +00) x (0, r), 

z{x,p,T,s) = fo{x,p,s) ondilN x (0,1) x (0, r). 



C/(r) = (u(r),u'(r),/o)^ 



where fo{x, p, s) — u'{t — ps, x). 
Consequently, (S) can be rewritten as 



where the operator is defined by 



with domain 







f - \ 






Au 















d^u{x) ~ — (m • v) (^Qv{t) + j z{x, 1, s)dp{s)^ onSfijv, v{x) — z{x, 0, s) ondil.N x (0, t) } 
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The proof of Theorem 2.1 in shows us that ^ is a maximal monotone operator on the Hilbert space 
H := H}j{il) X L'^{n) X Xr endowed with the product topology. It consequently generates a contraction 
semigroup on H. Moreover, if (w(t, x),u'{t, x), u'{t — ps, x)) G ^^{A), one gets that 

u e C\[t, +oo),Hl(n)) n C([t, +oo),H^(n)); 

t 1-^ Su"{t - ps, x) e C([t, +Oo),Xr). 

This ends the proof. □ 
We can consequently deduce another way to obtain solutions: 

Corollary 1 Suppose that uq G H^{fl) n Hj^{^}), ui G HQ{fl), then (S) has a unique solution u G 
C([t, +^),H},{n)) n C1([t, +oo), 

Proof Thanks to TheoremO one only needs to check that if u G C^([0, r], then r—ps) G Xr\ 

and this is straightforward using Fubini theorem. □ 



3 Linear stabilization 

We begin with a classical elementary result due to Komornik [5] : 
Lemma 1 Let E : [0, +oo[— > R_|_ be a non- decreasing function that fulfils: 

E{s)ds < TE{t), 

for some T > 0. Then, one has: 

t 



yt > T, E{t) < E{0) exp 1^1 ^ 

We will now show the following stabilization result: 

Theorem 3 Assume ([2p-0. Then, if uq G H'^{fl) n Hj^i^), ui G H^{^), there exists T > such that 
the energy E{t) of the solution u of (S) satisfies: 

Vi ^ T, E{t) < E{0) exp (^1 - | 

Proof Our goal is to perform the multiplier method and to deal with the delay terms to show that one 
can apply Lemma [T] to the energy. 

Lemma 2 There exists C > 0, such that, for any solution u of [S] and any S < T, 

E{S)~E{T)^C [ [ {m-v)({u'{t)f+({u'{t~s)fd\{s)]d(jdt. 

Js Jaow \ Jo J 

In particular, the energy is a non-increasing function of time. 

Proof We start from the classical result that 



Eo{S) ~Eo{T)^- [ I d^uu'dadt. 

Js Jon 



As above, one gets, for any e > 0, 

Eo{S) - Eo{T) > £^ (m • z.) f (mo - |) u\t)' [ /("'(^ " ^))^d\p\{s) ) dadt 
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We will now split E — Eq in two terms: 



where 



[E'Eofs^-U f {m-,y)[f{t,x)-g{t,x)fsdA , 
fit,x) = - ^))'^'^) ^^(^)' 



A change of variable allows us to get 



f{t,x)= / u'{rfdrd\{s)- / w'(r)2drdA(s) 
Jo ^0 Jo Jo 



An application of Fubini theorem consequently gives us 



f{t,x) - g{t,x) ^ u'{ryX{[0,r])dr ~ / u'{rydrdX{s) 
Jo Jo Jo 



and, as above, one can use Fubini theorem to deduce that 



t rt-s 



Jo 



u'{rYdrd\{s) 



T 



f {u'{t-s)ydX{s)dt = 
's Jo 

One now uses A([0,r]) ^ A(R+) to conclude that 

[E - Ea]l >- [ I m-v( I {u'{t - s)ydX{s) - X{R+)u'{t)A dadt. 
2 Js Jaojv \Jo / 

Summing up and using that < A, we have obtained that 

EiS) E{T) ^ £ {m ■ v) (^(^^0 - ^^^^1±1^ u^tf + 1 (l - Jju'^t - .))^dA(.)) dadt. 

We finally chose e = Ho which gives us our result since A(R+) < /io- □ 

In the multiplier method, one may use Rellich's relation, especially in the context of singularities. In 
our framework ([3]), the following Rellich inequality (see the proof of Theorem 4 in ^ or Proposition 4 in 
[2]) is useful 

Proposition 3 For any u G H^{il) such that 

Au e L'^{n),u\9nD e Hi{dnD) and d^u^gn^ e Hi{dnN)- 
Then it satisfies 2d^u{m.'Vu) — (to ■ i^)|Vup £ L^(dQ,) and we have the following inequality 

TO • i')\'Vu\'^)da. 

Jn Jan 
With this result, we can prove the following multiplier estimate: 

Lemma 3 Let Mu = 2to.Vu + aoit, where uq :~ ^ (inffj div(7Ti)) + supjj (div(7Ti) — 2A,„)) . Then under 
the assumptions of Theorem the following inequality holds true: 

c(m) / / {u'y + \Vu\^dxdt < ~[ [ u'Mufg 



JS Jn Jn 

[ Mud^u + (to ■ y){{u'f - \\/u\^)dadt. 

s Jaojv 



Proof Firstly, wc consider M = 2m • Vu + au where a will be fixed later. Using the fact that u is a 
regular solution of (5) and noting that u" Mu = {u'Mu)' — u'Mu'. an integration by parts gives: 







s Jn 



(u" — Au)Mudxdt 



u'Mudx 



s Js Jn 



{u'Mu' + AuMu)dxdt. 



Now, thanks to Proposition [3l we have : 



AuMudx < a Auudx + / (div(m)/ - 2(Vm)'')(Vu, Vujdcc 
n Jn Jn 

+ / {2d^u{m.Vu) - {■m.i')\Wu\^)d<T. 
Jdn 



Consequently, Green-Riemann formula leads to: 



AuMudx = j ((div(TO) — a)/ — 2(Vm)'^)(Vu, Vu)(ix + / [puuMu — [jn ■ v )\Vu\^)da. 
n Jn Jdn 

Using the fact that Vu = d^uv on d^ln and m • on dflo, we have then: 



AuMudx < / ((div(m) -a)/-2(VTO)'')(Vu, Vu)rfa;+ / {d^uMu ~ (m ■ i^)\Vu\^)da. 
n Jn Jon^ 

On the other hand, another use of Green formula gives us: 



Consequently 



u'Mu'dx^ / {a - div{m)){u'ydx + / {m ■ iy)\u'\^d<J. 
n Jn Jan^ 



(div(m) - a){u'f + ((a - div(m))/ + 2(Vm)'')(VM, Vu)dxdt 



s Jn 



< 



u Mudx 



s Jan 



duuMu + {m ■ v){{u' f - \Vu\^)d(jdt. 



Our goal is now to find a such that div(m) — a and (a — div(TO))/ + 2(Vto)*' are uniformly minorized on 
ri. One has to find a such that, uniformly on fi. 



div(?n) — a > c 
2Am + (a — div(m)) > c 

for some positive constant c. The latter condition is then equivalent to find a which fulfills 

inf div(7Ti) > a > sup (div(7Ti) — 2Xm) , 



(10) 



□ 



and its existence is now guaranteed by ([T]). Moreover, it is straightforward to see that the greatest value 
of c such that (jlO|) holds is 

c(m) = - ( inf div(m) — sup(div(m) — 2A„i) 
2 V n 

and is obtained for a = oq. This ends the proof. 

Consequently, the following result holds 

Lemma 4 For every t < S < T < oo, the following inequality holds true: 

[ {u'f + \Vu\^dxdt < E{S). 
s Jn 
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Proof Wc start from Lemma [31 

First of all, Young and Poincare inequalities give 



I / u'PIudx] < E{t), 
Jn 



so that 



<E{S)+E{T) i:CE{S). 

s 



u' Mudx 

Now, from the boundary condition, one has 

Mud^u+{m-v){{u'f - |Vup) ^ {m ■ v) (J^^iqu' + u' {t - s)dn{s)j Mu+{u'f - |Vup^ 
Using the definition of Mu and Young inequality, we get for any e > 

Mud,u+{m-v){{u'f^\^u\^) ^ {m-v) + \\m\\l^ + ^il^^ (^')2 + ^ ^* ^'(^ _ .^^„^.^^ 
Another use of Poincare inequality consequently allow us to choose e > such that 



Cauchy-Schwarz inequality consequently leads to 

/ [{u'f + \\/u\^dxdt<E{S)+[ [ {m-i^)(u'{tf+[{u'{t~s)fd\fi\is)]dadt 
Js Jn Js JdUN \ Jo 



c{m) 



2 

and, since |^| < A, Lemma [5] gives us the desired result: 



T 

c(m) / / {u'f + \Vu\^dxdt < E{S). 
Js Jn 

□ 

To conclude we need to absorb the two last integral terms for which we use the following result. 
Lemma 5 • For any solution u and any S < T , 

[ m-v ( (( {u'{t-r,x)fdr\d\{s)d<7dt< [ [ m-v( {u' {t - s,x)fdX{s)dadt. 
s Joun Jo \Jo J Js Joun Jo 

• For any solution u and any S < T , 

I I m-v I I / {u {s — r,x)Y'dr\ d\{s)d(Tdt < / / m-v I {u'{t — s,x))'^d\{s)dadt 
Js Jd^N Jt \Jo ) Js Joun Jo 



m ■ V u'^dcrdt. 

S JdUN 



Proof 



We start from the left hand side term. We fix a: g dflNjt £ [S,T] and we use Fubini theorem to 
estimate integrals with respect to time: 

(^J^ {u'{t - r, x)fdr^ dX{s) = [u\t - r, x)f\{[r, t])dr 



< / {u'{t -r,x))^X{[r,+oo))dr 
Jq 

< a-^ [ {u'{t-r,x)Yd\{r) 

Jo 

which gives the required result after an integration with respect to t and x. 

11 



As above, fixing x £ dQ^, wc obtain 



s Jt 



(^J {u'{s - r,xfdr^ d\{s)dt = J J (w'(r, a;))^A([max(r, f), +oo])drdi 



s Jo 

T / r+oo 



( {u'{t-r,x)fdr\[[t,+oo))dt+ I [I {u'[r,x)f \{[r, +00)) dr] dt. 
s Jo Js \Jt J 

Since for all r < t, X{[t, +00) < A([r, +cxd)), we first have 

/ {u'{t-r,x)Ydr\{[t,+'x))dt < {u'{t - r,x))'^X{[r,+oo))drdt 

s Jo Js Jo 

< a-^ [ [ {u'{t~r,x)Yd\{r)dt. 
Js Jo 

On the other hand, Fubini theorem gives us 

fT / f + co \ r+oo 

{u {r, x))'^ X{[r, +00)) dr \ dt = / u (r)'^ X{[r, +00)) {mm{T,r) ~ S) dr. 
s \Jt ) Js 



We now note that 



and 



We consequently obtain 



/ + CX) /• + 00 

sdA(s) < y sdX{s) 

+ 00 /' + CXD 

sdX{s)^ X{[t,+oo))dt < a-^X{m+). 

^0 



T / I- + 00 \ /•+00 

M {u'{r,x)fX{[r,+oo))dr\dt< J u'^, 



which give the required result after an integration over dfl 

Up to now, we have proven that 

[ E{t)dt < E{S) + [ I m -v ( {u'{t- s,x)fdX{s)dadt + 
Js Js JaUfi Jo 



-foo 



s Jon 



m ■ V u'^dadt. 



Lemma [2] allows us to conclude since it gives 



and 



s Jon 



I'^dadt < E{S) 



[ m-v ( {u'{t- s,x)fdX{s)d(jdt<E{S). 

S JdilN Jo 



□ 



□ 



Remark 4 In the case of some compactly supported measure /i, one can also obtain exponential decay 
result for the following problem 

u" - Au = in M; X , 

d^u + nou'it) + /p u'{t - s)d^(s) = on R; X , 
u(0) = uo in , 

u'(0) = ui inn, 
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as it was done in using the work of Lasiecka-Triggiani-Yao [7] and since the system is time invariant 
for t > 1. 

Moreover, a careful attention shows that our proof aUows us to obtain decay for this system without 
assumption on the support of fi provided that 

inf m ■ V > 0. 

dflN 

4 Examples 

We start with two general results and then particularize them to recover results from the literature. 
Example 2 If is some borelian measure such that 

r + co 

1^1 (R+) < ^0 and / e'^^d\^i\{s) < +oo 

for some /3 > 0, then fi fulfils the assumption ([7]) for an appropriate a. Indeed for any < a < /3, the 
expression 

e°"'d\fi\{s) 



is finite and by the dominated convergence Theorem of Lebesgue we have 

f + OC 



e^^dl/iKs) ^ |/i|(M+) as a ^ 0. 



Consequently by the assumption |/i|(R+) < /.io, we get ([7]) for a small enough. 
Example 3 One can choose 

oo 

/X = ^ |I^^r, , 
i=l 

where {Ti)°°^i, are some families such that > and are two by two disjoint, and 

oo 

Y,\^^^\e°'^' < Mo 

1=1 

for some a > 0. 

Example 4 If we choose d^{s) ~ k{s)ds where fc is a kernel satisfying 

p+oo 

\k{s)\ds < /io and / \k{s)\e^''ds < oo 



for some f3 > 0. Then as a consequence of Example [21 we get an exponential decay rate for the system 
(S) under the (very weak) condition above, in particular we do not need any differentiability assumptions 
on fc, nor uniform exponential decay of k at infinity as in [TJ [31 [3 [H] • 

Example 5 Choose 

dfi{s) = k{s)x[r^,T2]{s)ds, 
where k is an integrable function in [ti, T2] such that 

\k{s)\ds < fiQ, 

then we get an exponential decay for the system (S) as a consequence of Example [H because the second 
assumption trivially holds. In that case we extend the results of [TT] to a larger class of kernels fc, for 
instance in the class of bounded variations functions. 
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Example 6 Take 

where fii is a constant and r > represents the delay satisfying 

ImiI < Mo, 

then we recover the decay results from [TOl [H] . 
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